Let p be a prime, F a field of p" elements, and G a finite p-group. It is shown here that if G has a quotient whose commutator subgroup is of order p and whose centre has index p*, then the group of normalized units in the group algebra FG has a conjugacy class of p" k elements. This was first proved by A. Bovdi and C. Polcino Milies for the case k = 2; their argument is now generalized and simplified. It remains an intriguing question whether the cardinality of the smallest noncentral conjugacy class can always be recognized from this test.
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A. Bovdi, L. G. Kovacs and S. Mihovski [2] in V(¥G) are usually extremely difficult, even when G is fairly small, so examples are very hard to come by. The survey [1] covered many relevant results; more have appeared since then, for example in [3] and [4] .
In this paper we continue an investigation, begun by Polcino Milies and the first author in [2] , exploring what numbers can occur as cardinalities ofconjugacy classes of elements of V. Only powers of p" come into consideration, because the cardinality of the conjugacy class of an element v is the index of the centralizer C v (y) while where C A (v) is an F-subspace, so in fact
To each element x = £ x g8 °f tne group algebra, x + (l -£ x g ) is an element of V, with the same centralizer as x, so our question may be thought of as this: what numbers can occur as codimensions of centralizers of elements in the group algebra FG?
It was shown in [2] that 1 cannot occur as such a codimension, but 2 always does if G has a nonabelian quotient in which the index of the centre is p 2 . Of course, then 2 is the smallest positive codimension, and the commutator subgroup of the quotient in question has order p. Every finite nonabelian p-group G has quotients with commutator subgroups of order p; let p* be the index of the centre in such a quotient. Our main result is that in this case FG has an element whose centralizer has codimension it. However, we have not been able to decide whether the smallest positive codimension must always arise in this way (that is, by considering all such quotients and choosing one with centre of minimal index). 
QUESTION. If k is chosen minimal for G, is p kn minimal among the cardinalities of the conjugacy classes ofnoncentral elements'}
By the above discussion, the Theorem will follow once we prove the two lemmas below. The first of these is very general. 
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700013562 Under the assumptions of the Theorem, one could now write down explicitly a normalized unit with the required number of conjugates; this is left to the reader.
We remark here that k is always even. For, if the commutator subgroup of a finite p -group is of order p, then it is contained in the centre, and the central factor group is elementary abelian. Moreover, (gZ, hZ) i->-g~lh~lgh yields a nondegenerate symplectic form on G/Z viewed as a vector space over the field of p elements, so the dimension k of this space is always even.
The proofs of the lemmas simplify and generalize some of the arguments from [2] , but there remain results of interest in that paper that have not been mentioned here.
PROOF OF LEMMA 1.
Step 1. The sum r is central in FG, because when r is conjugated by an element of G, only the order of the summands changes.
Step 2. For x e¥G,xr = 0 is equivalent to x = 0. To see this, let K be the kernel and T be a transversal to the kernel. Each element x of FG is of the form x = J2 t <=T HheK x th*h, and hr = r for every h in K (because when the sum r = J^kzK * ' s multiplied by h, only the order of the summands changes). Thus the coefficient of th in xr is J^k €K x, k , independent of h, and it is also the coefficient of t in*.
Step 3. For*, y e FG, (xr)y = y(xr) if and only if xy = yx. Indeed, (xr)yy(xr) is (xy -yx)r by Step 1, so by Step 2 it vanishes if and only if xy -yx does.
Step 4.
Step 3 means that Q G (xr) is the complete inverse image of Qc(x) under the homomorphism FG -> FG. Since this homomorphism is surjective, it follows that the codimensions of the two centralizers are equal.
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A. Bovdi, L. G. KovScs and S. Mihovski [4] The ideal FG(c -l) p "' lies in the centre of FG. For, this ideal is spanned by the elements g (c -l) p~] with g e G; when such an element is conjugated by some element of G, it is multiplied by an element of the commutator subgroup, and (as we have already noted) every such factor is absorbed by (c -I)'" 1 . Modulo this ideal, hy = y whenever h e G. To see this, recall that the coset of y modulo FG (c -l) p~1 is the sum of the cosets of the t(c -l) p~2 as t ranges through T. When this sum is multiplied by h, only the order of the summands changes, because if ht = t'c' for some t' in T and d e (c), then
(mod FG(c -I)"" 1 ).
As a consequence we have that every product (h -l)y is central in FG, and by a similar argument so is every y(g -1) with g e G. It follows that
whence (gh)y -y(gh) = (gy -yg) + (hy -yh).
This shows that the map g h> gy -yg is a homomorphism from the multiplicative group G to the additive group of F p G, where F p is the prime subfield of F. We have seen that the kernel C G (y) of this homomorphism is precisely the centre Z.
The map* i-> xy -yx is an endomorphism of the F-space FG, with kernel Cfdy) and image the F-span of the gy -yg with g e G. Thus the codimension of Q G (.y) is the dimension of this F-span. The gy -yg all lie in F p G, and there they form an additive subgroup isomorphic to G/Z, that is, an F p -subspace of dimension k. Since FG arises from F p G simply by extension of scalars, it follows that the F-span of the gy -yg is also of dimension k. This completes the proof.
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